Abstract. In this paper, we give an algorithm to build all compact orientable atoroidal Haken 3-manifolds with tori boundary or closed orientable Haken 3-manifolds, so that in both cases, there are embedded closed orientable separating incompressible surfaces which are not tori. Next, such incompressible surfaces are related to Heegaard splittings. For simplicity, we focus on the case of separating incompressible surfaces, since non-separating ones have been extensively studied. After putting the surfaces into Morse position relative to the height function associated to the Heegaard splittings, a thin position method is applied so that levels are thin or thick, depending on the side of the surface. The complete description of the surface in terms of these thin/thick levels gives a hierarchy. Also this thin/thick description can be related to properties of the curve complex for the Heegaard surface.
Introduction
We give an algorithm to build all compact orientable atoroidal Haken 3-manifolds with tori boundary and closed orientable Haken 3-manifolds, so that in both cases, there are embedded closed orientable incompressible surfaces which are not tori. The algorithm can also be viewed as a decomposition result showing how such manifolds can be built from handlebodies and compression bodies with suitable boundary patterns. Given such a description, many properties of the 3-manifolds can be deduced, such as estimates on the Heegaard genus, annularity properties of incompressible surfaces etc. The original notion of Haken manifold was introduced by Haken in [3] .
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thick, depending on the side of the surface. The thin levels can be viewed as incompressible spanning surfaces, i.e., part of the hierarchy described in the earlier sections. So the complete description of the surface in terms of these thin/thick levels gives a hierarchy. The special case of Heegaard genus 2 is treated as an illustration of the general theory.
Finally we relate this thin/thick description to properties of the curve complex for the Heegaard surface.
Preliminaries
We give a very brief list of basic definitions and concepts. For more details of 3-manifold topology, see [4] and on thin position see [6] . We work throughout in the PL category and all manifolds, surfaces and maps are PL. Definition 2.1. A compact orientable 3-manifold is irreducible if every embedded 2-sphere bounds a 3-ball.
Definition 2.2.
A closed embedded orientable surface S in a compact orientable 3-manifold is incompressible if S is not a 2-sphere and the homomorphism induced by inclusion π 1 (S) → π 1 (M ) is one-to-one. Definition 2.3. A compact orientable irreducible 3-manifold M is called atoroidal if the only embedded incompressible torus is parallel to a component of ∂M .
Definition 2.4.
A handlebody is a compact orientable 3-manifold with a single boundary component, which has an embedded graph (spine) which is a homotopy retract. Definition 2.5. A compression body is obtained by attaching 2-handles to the boundary surface S × {0} of a product S × [0, 1], where S is a closed orientable surface of genus at least two. We refer to S × {1} as the outer boundary and the other boundary components as the inner boundary of the compression body. None of the inner boundary surfaces are 2-spheres. We denote the outer boundary by S rather than S × {1}. Definition 2.6. A Heegaard splitting of a compact orientable 3-manifold M is a closed orientable surface S embedded in M so that splitting M along S gives two regions which are handlebodies or compression bodies. Definition 2.7. The Hempel distance of a Heegaard splitting S for M is defined as follows. Consider the collections of curves C and C ′ which bound compressing disks for S in the two regions, which are handlebodies or compression bodies on either side of S. A path between these collections is a sequence of essential simple closed curves C = C 0 , C 1 , . . . C k so that each pair C i , C i+1 are disjoint and C 0 ∈ C, C k ∈ C ′ . The Hempel distance is then the smallest value of k amongst all such sequences. Definition 2.8. A Heegaard splitting S for M is strongly irreducible if every compressing disk on one side of S meets every compressing disk on the other side of S.
Boundary patterns on handlebodies and compression bodies
We start with the concept of suitable boundary pattern which comes from [2] . We extend this to the case of compression bodies.
Definition 3.1. Suppose that H is a handlebody or compression body. Assume that S is a surface equal to the outer boundary of H, if H is a compression body, or the whole boundary S = ∂H if H is a handlebody. Let S be divided into two subsurfaces P,P so that ∂P = ∂P , S = P ∪P , all the curves of ∂P are essential in S and any compressing disk for H must intersect each of P,P in at least two essential arcs. Then we say that the pair {P,P } is a suitable boundary pattern for H.
The following lemma comes from [2] . We give a proof here with the extension to compression bodies, as this is a crucial result for our algorithm.
Lemma 3.2. Suppose that H is a handlebody or compression body. Two subsurfaces {P,P } form a suitable boundary pattern for H, where S = ∂H or the outer boundary of H, depending on whether H is a handlebody or compression body, if and only if the following conditions hold. Firstly S = P ∪P , ∂P = ∂P and every curve of ∂P is essential in S. Secondly there is a complete collection D of compressing disks for H with the property that every disk D in D intersects each of P,P in at least two essential arcs and selecting any compressing disk D * disjoint from D, a replacement of a disk in D by D * cannot give a new complete collection of compressing disks which have total numbers of arcs of intersection with P,P less than that for D.
Proof. Let us suppose that {P,P } is a suitable boundary pattern for H, and show that it satisfies the two conditions described in the statement. Then, the first condition is included in the definition of a suitable boundary pattern.
To show the second condition, we take any complete collection of compressing disks for H so that the total numbers of arcs of intersection with {P,P } is minimal. This collection satisfies the second condition. To show the other direction, suppose that subsurfaces {P,P } of S satisfy the conditions in the lemma. Let us prove this is a suitable boundary pattern. So suppose to the contrary, that some compressing disk D ′ meets each of P,P in one essential arc or is disjoint from one of these subsurfaces. Notice that there must be at least two outermost bigons on D ′ and hence one of these bigons must intersect ∂P in at most one point, since there are at most two such points on ∂D ′ by assumption. Hence we see that if both D 1 , D 2 intersect ∂P in at least two points, then a replacement of D i by either D 0 ∪D 1 , D 0 ∪D 2 reduces the number of arcs of intersection with the boundary pattern. By the definition of a complete family of disks, at least one of these two replacements must be a new complete family of disks for H, so this contradicts our hypotheses in the lemma. The conclusion is that at least one of D 1 , D 2 crosses ∂P in at most one point.
But now, one of the disks D 0 ∪ D 1 , D 0 ∪ D 2 is a compressing disk for H disjoint from the family D and which intersects ∂P in at most two points. We can replace one of the disks of D by this disk and reduce the number of intersections with the boundary pattern, which is again a contradiction. This completes the proof of the lemma.
Remark 3.3. Note the algorithmic nature of the lemma, giving a bounded process to check if a given boundary pattern is suitable or not. For we can start with any boundary pattern on a handlebody or compression body. Pick a complete family of compression disks and isotope them to remove any inessential arcs of intersection with the boundary pattern. If any disks in the family intersect the boundary pattern in at most two arcs, then the boundary pattern is not suitable. Otherwise, one has to check whether any replacement can be done which decreases the number of intersections with the boundary pattern. There is an algorithm to check if such a replacement exists, since we need only search for compressing disks disjoint from the family with fewer intersections than those in the family.
A quick summary is as follows. If we split H open along a complete family of compressing disks, then the boundary pattern becomes a system of arcs joining pairs of disjoint simple closed curves on a 2-sphere, where each compressing disk becomes a pair of circles. Normal curve theory can be used to list all simple closed curves on this 2-sphere, which are disjoint from all the simple closed curves and meet the system of arcs in fewer points than at least one of the disks. If such a curve separates the two circles representing a compressing disk and has fewer intersections with the arc system than this disk, then a replacement is possible. Otherwise no replacement can be achieved.
The decomposition algorithm
The key idea is to use very short hierarchies as in [1] to decompose a 3-manifold in our class into compression bodies and handlebodies with suitable boundary patterns. We can then view the process of building all our 3-manifolds as starting with suitable boundary patterns on a collection of handlebodies and compression bodies and then gluing subsurfaces in pairs. An interesting observation will be that any gluing of pairs of subsurfaces is allowable to produce a 3-manifold in our class. In particular, a given collection of handlebodies and compression bodies with suitable boundary pattern, where the subsurfaces can be matched in pairs, produces an infinite number of 3-manifolds in our class.
Theorem 4.1. Let M be a compact orientable irreducible atoroidal 3-manifold which is either closed or has incompressible tori boundary. In both cases, assume M has a closed embedded separating incompressible surface which is not boundary parallel. Choose a maximal collection S of disjoint embedded separating incompressible surfaces for M which are not boundary parallel and not parallel to each other. Then there is a decomposition of M into a collection of handlebodies and compression bodies with suitable boundary pattern. In fact, there is a collection of spanning surfaces S * with the following properties. Firstly each region R obtained by cutting M open along S has spanning surfaces which are incompressible and boundary incompressible surfaces with boundary on each of the surfaces in R ∩ S. These spanning surfaces have the property that they do not separate R so that when R is cut open along the spanning surfaces, the result is either a handlebody or a compression body, where the inner boundary surfaces are tori in ∂M . The boundary pattern arises by taking subsurfaces in P which are copies of the spanning surfaces and subsurfaces inP which are in S.
Proof. It suffices to construct the spanning surfaces inside a single region R obtained by cutting M open along S. Assume first that R has all boundary surfaces which are copies of surfaces in S. In this case, we follow the argument in [1] . It suffices to find a homomorphism φ from H 1 (R, Q) onto Q so that every component S i of ∂R has the property that the image of the inclusion map H 1 (S i , Q) → H 1 (R, Q) has image which is not in the kernel of φ. Once φ has been constructed, then we follow the argument of Stallings [7] . Namely we can construct a map f : R → S 1 so that the induced homomorphism on first homology is φ. Then surgering the pullback of a point x 0 in S 1 , we can replace f by a homotopic map, again denoted by f , with the property that f −1 (x 0 ) is collection of required spanning surfaces. To build φ, note that as is well known, each component S i of ∂R has induced inclusion H 1 (S i , Q) → H 1 (R, Q) with image J i having rank at least the genus of S i . So one can build a homomorphism φ i : H 1 (R, Q) → Q so that the image of J i is non zero. Then, by taking an appropriate linear combination of these maps φ i , we get the homomorphism φ required.
The final step is straightforward, once we have built the spanning surfaces, cutting R open along them must give a handlebody. For we get a connected 3-manifold and compressing the boundary cannot give any closed separating incompressible surfaces which are not boundary parallel in R, for otherwise we would contradict the maximality of the collection of surfaces in S. The conclusion is that the boundary is completely compressible and so the manifold must be a handlebody. Finally notice that the boundary pattern induced as in the statement of the theorem, is indeed a suitable boundary pattern. For if we had any compressing disks meeting the boundary pattern in fewer then four arcs, then either a spanning surface would be boundary compressible, or a spanning surface or surface in S would be compressible. Since neither is the case, this completes the discussion of the first case, once φ is built.
Next, in the case that R has some boundary components in ∂M , the only difference from the previous case is that we need a homomorphism ψ : H 1 (R, Q) → Q with the properties that for each component S i of ∂R which is a copy of a surface in S, the image J i of the mapping
is not in the kernel of ψ, whereas if S i is a boundary torus of ∂M , then J i is in kernel ψ.
The construction of ψ follows a similar pattern to the previous argument. The main difference is that we can find a mapping ψ i for boundary surfaces in both ∂R and in S, so that ψ maps each image of the first homology of a boundary torus to zero. This follows by noting that the image J i of the mapping H 1 (S i , Q) → H 1 (R, Q) always contains elements not in the images of the first homology of the boundary tori. So it is straightforward to find such mappings ψ i and then take a linear combination to find ψ.
As in the previous case, when we cut R open along all the spanning surfaces, we obtain a manifold with two types of boundary surfaces. One type comes from surfaces in S cut open along spanning surfaces. The other type are boundary tori. Compressing the first types of surface must result in a collection of products T 2 × [0, 1], one for each boundary torus, since any other possibility will contradict the maximality of the family S. Proving the boundary pattern is suitable is the same as above. Note that the first type of boundary surfaces form the outer boundary and the boundary tori form the inner boundary of the compression body. This completes the proof.
Heegaard diagrams
We are interested first in the case where S is a closed orientable surface of genus 2 and two 2-handles are attached to S × [0, 1] along separating essential curves C ⊂ S × {0} and C ′ ⊂ S × {1}. If we project both curves C, C ′ onto S, abusing notation by using the same symbols for the projected curves, then |C ∩ C ′ | = 4k, where k is a positive integer. Here we also assume that the projected curves cross transversely and minimally. Let C denote the curve complex for S. We are interested in paths C 0 , C 1 , . . . C 3k in C, where the three curves C 3i , C 3i+1 , C 3i+2 are disjoint and non parallel and hence form a 2-simplex in the curve complex, with C = C 0 , C ′ = C 3k . We also want the three curves C 3i , C 3i−1 , C 3i−2 to be disjoint and non parallel. Moreover we require that each C 3i is separating, both C 3i+1 and C 3i+2 are non separating and Note that this simple Heegaard diagram C, C ′ has the following form. We can view C as a standard essential separating curve splitting S into two oncepunctured tori T + , T − . Moreover the intersections C ′ ∩ T + , C ′ ∩ T − are then families of essential arcs. The slopes of these arcs are not important, just the number of each type. So we can label these arcs by three non-negative integers n 1 , n 2 , n 3 for C ′ ∩ T + and m 1 , m 2 , m 3 for C ′ ∩ T − . Next, the collection of arcs of C ′ ∩ T + , attached to C can be viewed as a circle with a collection of arcs joining pairs of points and similarly for C ′ ∩ T − . A rotation R of C is required to determine how to match up these two families.
We do this by rotating an end point of some chosen arc of C ′ ∩ T + so that it matches a similar end point of a chosen arc of C ′ ∩ T − . Our convention is that the base points are chosen on C corresponding to the first arcs in the families labelled n 1 , m 1 and the rotation R is done clockwise. We can then refer to the Heegaard diagram H = (n 1 , n 2 , n 3 , m 1 , m 2 , m 3 , R). Note that there are obvious necessary conditions for such a diagram to give a single separating curve, namely n 1 + n 2 + n 3 = m 1 + m 2 + m 3 and the sum of n i 's is even.
Remark 5.1. For the above procedure, the following questions arise naturally.
• Find sufficient conditions on H to ensure that the resulting curve is separating and connected. It would be nice to even have an iterative scheme to build such diagrams. A possible approach is by band summing. Namely taking two parallel arcs in T + and removing them, so long as there are parallel arcs in T − which have ends on either side of the first pair, then we can delete both pairs and if the first diagram gives a connected curve, so does the second.
• Find a suitable generalization to the case of arbitrary genus g. Possibly this might work better with a family of g − 1 separating 2-handles attached to each of S × {0} and to S × {1}. So this would give a family of g − 1 separating surfaces -see below.
Paths and separating incompressible surfaces
As in the previous section, let M be a manifold obtained by adding a pair of 2-handles to S × [0, 1] along its two boundary components to curves C, C ′ . We put some additional conditions on the path C 0 , C 1 , . . . C 3k in C, which are sufficient to build a pair of separating incompressible surfaces in Morse position relative to the height function on M .
Theorem 6.1. Let M be the manifold obtained by attaching two 2-handles to S×[0, 1] along separating essential curves C ⊂ S×{0} and C ′ ⊂ S×{1}, where S is a closed orientable surface of genus 2. Consider a path C 0 , C 1 , . . . C 3k in the curve complex C for S as in the previous section. Suppose that C 3i intersects C 3(i+1) in four points, the two curves C 3i−2 , C 3i+1 on the same side of C 3i must intersect at least twice, and the two curves C 3i−1 , C 3i+2 on the other side of C 3i must also meet at least twice, for 0 ≤ i ≤ k − 1. Then M contains two disjoint closed orientable separating incompressible surfaces J, J ′ .
Proof. Two disjoint surfaces J, J ′ in M can be build from C as follows. Start with two parallel copies of the disk representing the 2-handle attached at C = C 0 at a level S × {t 1 }, where t 1 = 0. Next we glue on a pair of pants with one curve at C 0 and the other two curves along parallel copies of C 1 (respectively C 2 ) at a level S × {t 2 }. Next two pairs of pants are glued on with the first having two boundary curves to the copies of C 1 and the second using two copies of C 2 at a level S × {t 2 } and two copies of C 3 at a level S × {t 3 }. We continue on until eventually two pairs of pants are glued to two copies of C 3k−2 and two copies of C 3k−1 at a level S × {t k−1 } and to two copies of the curve C ′ = C k at at a level S × {t k }, where t k = 1. Note that 0 = t 1 < t 2 < . . . t k = 1. So this completes the construction of J, J ′ . To show that J, J ′ are incompressible, by using standard inner-most arguments, it suffices to prove that there cannot be a compressing disk in any of the three regions in the complement of J ∪ J ′ . To summarize the argument, assume there is such a disk, say D.
Note that each of the three regions has a collection of annuli with boundary on J, J ′ . The annuli have boundary curves given by the parallel copies of C 0 , C 1 , . . . , C 3k , which are essential on J except for C 0 and C 3k , and so are incompressible except for the top and bottom ones. In fact, the region between J and J ′ has annuli with boundaries on copies of C 0 , C 3 , . . . C 3k , the region bounded by J has annuli with boundaries on copies of C 1 , C 4 , . . . , C 3k−2 and the final region bounded by J ′ has annuli with boundaries on C 2 , C 5 , . . . , C 3k−1 .
Claim. The annuli are not boundary compressible in the regions.
Proof. Suppose that there was such a boundary compression disk, which can be assumed to be a disk with one boundary arc on such an annulus, one on J or J ′ and interior disjoint from all the annuli, J and J ′ . Now the disk must lie in a handlebody of genus 2 or a region which is of the form torus ×[0, 1]. The reason is that these are the regions formed by cutting M open along J or J ′ and all the annuli. The latter type of region is a product, so we see that there are no such a boundary compression disk in such a region. The former is a region bounded by J or J ′ having the annuli with boundaries on copies of C 1 , C 4 , . . . , C 3k−2 or C 2 , C 5 , . . . , C 3k−1 , respectively. This region can be regarded as a punctured torus ×[0, 1], with copies of the annuli on the top and the bottom surfaces. Our strategy here is to apply Lemma 1. Namely if we have a complete collection of compressing disks for a genus 2 handlebody region, with the property that any disjoint compressing disk meets the boundary pattern at least as many times as the disks in the family, then the boundary pattern is disk busting. In our situation, the way to implement this is to think of two copies of each of the curves C 3i−2 , C 3i+1 or C 3i−1 , C 3i+2 as the boundary pattern and the disks of the form arc ×[0, 1] as the complete family. Then the assumption that the curves C 3i−2 , C 3i+1 intersect twice, implies that there cannot be a disk which crosses an annulus with two boundary curves parallel to C 3i−2 but does not meet C 3i+1 and similarly for the case of C 3i−1 , C 3i+2 . So this proves our assertion about the annuli.
Therefore any such a disk D can be isotoped off these annuli and so must lie between levels of the form S × {t i }, S × {t i+2 }, for 0 ≤ i ≤ 3k − 2 or in the region above the level S × {t 1 } or below the level S × {t 3k−1 }. The latter are trivial regions which are 2-handles or products of the form torus ×[0, 1].
To finish, we need to prove that there are no compressing disks inside these regions. Now the former type are easily seen to be handlebodies of genus 2 or genus 3 with a natural product structure of the form once-punctured torus ×[0, 1] or four punctured sphere ×[0, 1], depending on whether the region has boundary one surface or two surfaces. For the first type of region, the condition that C 3i−2 and C 3i+1 meet at least twice, implies that the any compressing disk, which is of the form arc ×[0, 1], where the arc has both ends on C 3i , must meet these curves and so cannot lie entirely on J. It suffices to show then that there cannot be a general compressing disk which misses both the curves C 3i−2 , C 3i+1 or C 3i−1 , C 3i+2 . To do this, we use Lemma 1 again. In our situation, again, the way to implement this is to think of two copies of the curves C 3i−2 , C 3i+1 or C 3i−1 , C 3i+2 as the boundary pattern and the disks of the form arc ×[0, 1] as the complete family.
For the second type of region, we repeat the argument using the boundary pattern consisting of two copies of each of C 3i , C 3(i+1) . Again the disks are of the form arc ×[0, 1] as the complete family, where the arcs have ends on the four punctured sphere, i.e the curves C 3i+1 , C 3i+2 . Each disk crosses the boundary pattern at least four times and the lemma above applies as previously. In fact, there is a complete system of quadrilateral disks of this form which meet each curve exactly once. So in fact, this region has a product structure by gluing these quad disks together and so J, J ′ are actually parallel. So this completes the proof that both J and J ′ are incompressible.
Remark 6.2. The same method could be used to consider families of surfaces in higher genus surface ×[0, 1] with 2 handles attached and also individual surfaces with more complex conditions implying the disk busting conditions. An interesting challenge is to see if such an approach is strong enough to show that a 'generic' Heegaard splitting gives a 3-manifold containing a separating incompressible surface. Remark 6.3. Next, consider the result of Dehn filling of each of the 4 boundary tori of the 3-manifold M in the above theorem. Clearly, the separating incompressible surface constructed has 'accidental parabolics' on each of the four cusps. We can apply a well-known result of Y. Q. Wu [8] . There it is shown that any closed 3-manifold M ′ obtained by Dehn filling M along a curve in each cusp, which meets the (unique) accidental parabolic for the surface at least twice, then the separating surface remains incompressible in M ′ . So this gives a large number of examples of closed 3-manifolds M ′ of Heegaard genus two possessing separating incompressible surfaces. Moreover it is easy to see that most of the these examples are rational homology 3-spheres and hence have no non-separating incompressible surfaces.
Thin position
Suppose we start with a separating closed orientable incompressible surface J and a strongly irreducible Heegaard splitting S of a closed irreducible orientable 3-manifold M or compact irreducible orientable 3-manifold M with incompressible tori boundary. We would like to reverse the process of the previous sections and write levels of S as spanning surfaces to complete a hierarchy of M starting with J. Note that we do not require J to be connected, so it could be a separating family of surfaces, with individual members which are non-separating. We use the notation S t , 0 < t < 1, as the singular foliation of M by copies of S. . We will denote the two handlebodies or compression bodies obtained by splitting M open along S t by H t 1 , H t 2 . As t → 0, 1, H t 1 or H t 2 respectively will converge to a graph or a graph connected to some of the tori boundary components of M .
For t small enough, we can assume that J meets H t 1 in a family of meridian disks. Next denote the two sides of J by M + , M − . We can initially apply all possible boundary compressions of J ∩ H t 2 so that a band of S t gets pushed across J from M − to M + . (See the Appendix to [3] for a very elegant discussion of this procedure). The effect is to make S t ∩ M − thin and S t ∩ M + thick. Fix this copy of S t as level one and denote it by S t1 with the initial position of S as S t0 , where J meets H t0 1 in meridian disks. Now repeat the process for H t1 2 bounded by S t1 , but this time interchanging the roles of M + , M − so that bands of S gets pushed across J from M + to M − . This will give a new level S t2 for which S t2 ∩ M − is thick and S t2 ∩ M + thin. We iterate until eventually J meets a handlebody or compression body corresponding to H t 2 in meridian disks only, for t close to 1. Call this level S t k and assume that t 0 = ǫ, t k = 1 − ǫ, t 1 < t 2 < · · · < t k , for ǫ sufficiently small.
Note that our surfaces J and J ′ above are in thin position in exactly this sense. We call the intersections of some level surface S t with the sides of J M + , M − the sides of S t relative to J. As usual when we put J into Morse thin position relative to the singular foliation corresponding to S, this means there are a finite number of critical levelst, for 0 <t < 1, so that at such a level there is a single saddle critical point.
Our first observation is that there must be at least one thin surface which is incompressible. Theorem 7.1. Suppose that J is separating and incompressible and S is a strongly irreducible Heegaard splitting. Denote the two sides of J as M + , M − . Then either;
• there is some non critical level S t so that S t ∩ M + is incompressible and S t ∩ M − has compressing disks on both sides of S t , or the same with M + , M − interchanged.
• there is a critical levelt so that S t ∩ M + is incompressible for t <t and t close tot, and S t ∩ M − is incompressible for t >t and t close tot, or the same with M + , M − interchanged.
• there is a critical levelt so that both S t ∩ M + and S t ∩ M − are incompressible for t >t and t arbitrarily close tot.
Proof. Suppose at some level S t , one of S t ∩ M + or S t ∩ M − has compressing disks on both sides. Since S is strongly irreducible, it is immediate that either S t ∩ M − or S t ∩ M + , respectively is incompressible. So the first case of the theorem holds.
On the other hand, assume that neither S t ∩ M + nor S t ∩ M − has compressing disks on both sides, for any value of t. We know that for t small, there are compressing disks for S t ∩ M + or S t ∩ M − in H 1 , whereas for t close to 1, there are compressing disks for S t ∩ M + or S t ∩ M − in H 2 . At some level S u this must switch over in the sense that for t < u, any compressing disk for S t ∩ M + or S t ∩ M − must be in H 1 , whereas for t > u, any compressing disk for S t ∩ M + or S t ∩ M − must be in H 2 . The level u must be a critical level t at which a band sum occurs which produces the first compressing disk for S t ∩ M + or S t ∩ M − in H 2 , for t >t. Suppose that there was a compressing disk for S t ∩ M + or S t ∩ M − in H 2 for t >t and t arbitrarily close tot. Note that a single band sum must occur as t crosses the valuet. This pushes a band of S t across J. The side, say M + , on which the band leaves must be the side containing the compressing disk in H 1 and the other side M − which receives the band must be where the first compressing disk for H 2 appears. Then, at such a level t with t <t very close tot, there cannot be any compressing disks in S t ∩ M − , since S is strongly irreducible, and similarly for t >t and t very close tot, there are no compressing disks for S t ∩ M + . This gives the second case of the theorem.
Finally the third case occurs when for t >t and t arbitrarily close tot, there are no compressing disks for either S t ∩ M + or S t ∩ M − .
If we consider the Hempel distance of a Heegaard surface, which is a natural generalization of the strong irreducibility condition and was introduced in [5] , we obtain the following corollary. Corollary 7.2. Suppose that J is separating and incompressible and S is a Heegaard splitting which has Hempel distance at least 4. Then only the third possibility can occur.
Proof. The first possibility in the theorem contradicts Hempel distance at least 3. Recall that the second case occurs when a single band sum of S t across J at the critical levelt produces a compressing disk D 1 in H 1 for S t and t <t, whereas there is a compressing disk D 2 for S t ′ in H 2 for t ′ >t. There are either one or two curves of S t ∩ J involved with the band sum. After the band sum, we get a new family of curves which can be pushed off the old family. But then we see that there is a compressing disk D 1 for S t in H 1 disjoint from S t ∩ J for t <t and similarly a compressing disk D 2 for S t ′ in H 2 for t ′ >t. We conclude that ∂D 1 is disjoint from S t ∩ J which can be made disjoint from S t ′ ∩ J which is disjoint from ∂D 2 . This contradicts the Hempel distance of S being at least 4.
Remark 7.3. Notice that although both sides of S t are incompressible in the conclusion of the corollary, they might not be boundary incompressible. However both these subsurfaces can be boundary compressed to form spanning surfaces for the regions on either side of J. 
